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We present a theoretical study of a four-electron four-quantum-dot system based on molecular
orbital methods, which hosts a pair of singlet-triplet spin qubits. We explicitly take into account of
the admixture of electron wave functions in all dots, and have found that this mixing of wave func-
tions has consequences on the energy spectrum, exchange interaction and the gate crosstalk of the
system. Specifically, we have found that when the two singlet-triplet qubits are close enough, some
of the states are no longer dominated by the computational basis states and the exchange interaction
can not simply be understood as the energy difference between the singlet and triplet states. Using
the Hund-Mulliken calculation of the Hubbard parameters, we characterize the effective exchange
interaction of the system and have found good agreement with results calculated by taking energy
differences where applicable. We have studied the two commonly conceived schemes coupling two
qubits, the exchange and capacitive coupling, and have found that when the inter-qubit distance is
at certain intermediate values, the two kinds of coupling are comparable in strength, complicating
analyses of the evolution of the two qubits. We also investigate the gate crosstalk in the system
due to the quantum mechanical mixing of electron states and have found that while this effect is
typically very weak, it should not be ignored if the spacing between the qubits are similar to or less
than the distance between the double dots that constitute the qubit.
PACS numbers: 03.67.Pp, 03.67.Lx, 73.21.La
I. INTRODUCTION
One of the key issues in the physical realization of
quantum computing1 is the scalability, namely the abil-
ity of fabricating and coherently manipulating one or
few qubits must be extended to an array of them. Spin
qubits in semiconductor quantum dots serve as one of
the most promising candidates for quantum comput-
ing, not only because of their long coherence times
and high control fidelities,2–10 but also due to their
prospect for scaling-up,11 thanks to the mature infras-
tructure of present-day semiconductor industry. Vari-
ous types of spin qubits are currently being pursued in
laboratories worldwide, including the single-spin qubit
being encoded in the spin up and down states of one
electron,8,12 the singlet-triplet (S-T) qubit2,5 which em-
ploys two-electron singlet and triplet states as compu-
tational bases,13 the exchange-only qubit14,15 together
with its variant, the resonant-exchange qubit,16 utiliz-
ing certain three-spin states in a triple-quantum-dot sys-
tem, as well as the hybrid qubit9,17 which similarly uses
three electrons but has them hosted by double quantum
dots. Over the past decade, the S-T qubit has received
intense attention because it is the simplest type of spin
qubit which can be manipulated efficiently by pure elec-
trical means. The vast success achieved at its single-
qubit level2,5,18–22 has encouraged researchers to go on
to two S-T qubits, which require four quantum dots oc-
cupied by four electrons.23–26 For example, it has been
shown that a single exchange pulse is sufficient to per-
form a two-qubit gate using a pair of exchange-coupled
S-T qubits.25 Devices with four or even more quantum
dots can now be fabricated in the laboratory,27 and pro-
gresses have been made toward precise manipulation of
two S-T qubits.28–30 Nevertheless, coherent control of the
collective multi-electron states has remained challenging.
The microscopic theoretical studies of double quan-
tum dots, in particular those from the molecular or-
bital theory,31,32 have played an important role in elu-
cidating the physics of an S-T qubit. Not only the en-
ergy spectra and exchange interaction of the S-T qubit
have been investigated in detail for their dependences on
the dimensions of the device and the external fields,31–35
the responses of the qubit to various types of noises are
also extensively studied.36–39 However, the extensions of
these studies to two S-T qubits involving four quantum
dots are less well explored. Protocols to perform entan-
gling gates have been put forward for capacitively cou-
pled S-T qubits,26,40–45 and the “sweet spots” on the
energy spectra where the control is maximally immune
to noises have been suggested.42,46 Alternative proposals
making use of an additional quantum state which me-
diates the two-qubit coupling have also been suggested
theoretically to be able to achieve high-fidelity entangling
gates,47 which is currently being pursued in laboratories.
While the molecular-orbital-theoretic calculations similar
to that of one S-T qubit have been carried out in many
of these works, the two S-T qubits are always assumed to
be quantum-mechanically “well-separated”, that is, the
wave function of one S-T qubit is assumed to have no
admixture of that from the other.44,46 This has lead to a
substantial reduction of the dimensionality of the Hilbert
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2Figure 1. Schematic diagram of a lateral four-quantum-dot
system hosting two singlet-triplet qubits. The parameters 2a
(the distance between the center of two adjacent dots within
one double dot system), 2R (the distance between the center
of two double-dot systems), and εL (the detuning on the left
double dots) are indicated.
space and has greatly facilitated the calculations since the
two S-T qubits are treated essentially separately and are
only connected by a Coulomb integral.
In this work we conduct a comprehensive theoretical
study of the four-quantum-dot system via the molecular
orbital theory. In particular, we allow for the cases in
which the admixture between wave functions of the two
S-T qubits cannot be neglected. We find that the energy
spectra, while being very similar to that of the simplified
case in which the two S-T qubits are treated separately,
show important features of mixing as the two S-T qubits
become close. We show that the qubit states may be less
well defined for certain parameters, and consequently the
exchange interaction that is usually defined as the energy
difference between the singlet and triplet states must be
understood as an effective exchange interaction that can
be derived from the Hubbard parameters calculated mi-
croscopically. Using the direct access to wave functions,
we quantitatively calculate the strength of the capacitive
and exchange coupling between the two S-T qubits and
perform a comparison between them. We further study
the gate crosstalk, the situation in which the manipula-
tion of one qubit inevitably affects the other idle one due
to the admixture of electron wave functions between the
two qubits. We find that while the gate crosstalk via this
quantum channel is typically weak, it can be much pro-
nounced when the distance between the two qubits are
small enough.
The remainder of this paper is organized as follows.
In Sec. II we present the model and methods used in
this work. We then present results in Sec. III, including
the energy spectrum (Sec. III A), the exchange interac-
tion (Sec. III B) and the gate crosstalk (Sec. III C). We
conclude in Sec. IV.
II. MODEL AND METHODS
We consider a lateral four-quantum-dot system under
a homogeneous magnetic field B along the z-axis. The
Hamiltonian can be generally written, in the xy plane,
as
H =
∑
i
[
1
2m∗
(pi − eA)2 + V (ri)
]
, (1)
where m∗ is the effective mass of the electron. V (r) is the
confinement potential of four quantum dots, consisted of
a pair of Double Quantum Dots (DQDs) separated by
a distance 2R, while the interdot distance within each
DQD is 2a. In our work we model V (r) with the form
V (r) = Min [v1(r), v2(r), v3(r), v4(r)] , (2)
where
vi(r) ≡ m
∗ω20
2
|r −Ri|2 + i (3)
indicates the confinement potential of the ith quantum
dot centering at Ri, the coordinates of which are
R1 = (−R− a, 0), R2 = (−R+ a, 0),
R3 = (R− a, 0), R4 = (R+ a, 0). (4)
In Eq. (3), ω0 is the confinement energy
31,32 that char-
acterizes the size of the dot; differences in i’s are used
to represent the detuning of the corresponding DQD. A
schematic diagram of the potential is shown in Fig. 1.
In most cases we have considered in this work, there is
only one electron in each dot. In this case, each DQD
can be treated as one singlet-triplet (S-T) qubit, the de-
tuning of which is represented by εL and εR for the left
S-T qubit (dots 1 and 2) and the right one (dots 3 and
4) respectively,2 i.e. εL = 1 − 2 and εR = 3 − 4.
We adopt the Hund-Mulliken method to solve this
multi-electron problem.31,32 The starting point is the
Fock-Darwin states, which are the electron wave func-
tions in an isolated dot modeled by a harmonic potential.
Among them only the ground states
φi(r) =
1
aB
√
pi
exp
[
− 1
2a2B
|r −Ri|2
]
, i = 1, 2, 3, 4,
(5)
are retained in the Hund-Mulliken approximation. Here,
aB ≡
√
~/mω0 is Fock-Darwin radius. We then build a
set of orthogonal single-electron states by the transfor-
mation
{ψ1, ψ2, ψ3, ψ4}T = O−1/2 {φ1, φ2, φ3, φ4}T , (6)
where O is the overlap matrix defined as Ol,l′ ≡ 〈φl|φl′〉.
There are different ways to obtain O−1/2 in the litera-
ture, e.g. in Ref. 38 a Gram-Schmidt method has been
performed for the orthogonalization. However, In our
situation we would like to keep the symmetry that the
3states remain the same after indices 1,4 and 2,3 are in-
terchanged (1 ↔ 4 and 2 ↔ 3). We therefore used the
method by Lo¨wdin’s orthogonalization where the O−1/2
can be obtained by the singular value decomposition.48
We note that Eq. (6) marks the main difference of this
work from previous ones.44 In previous works dealing
with four quantum dots, the two DQDs are treated es-
sentially separately and ψ1,2 are merely dependent on φ1
and φ2 while ψ3,4 on φ3 and φ4. Here, as an example,
our ψ1 is explicitly an admixture of all φ1 through φ4.
The consequences of this difference shall be clear later.
In this work we consider four electrons (two spin up
and two spin down) occupying the lateral four-quantum-
dot system. Since only the lowest energy levels for each
dot are retained in the Hund-Mulliken approximation,
the maximum occupancy for each dot is two. The four-
electron wave function can be generically written as
|Ψj〉 = c†m↑c†n↓c†p↑c†q↓|vac〉, (7)
where c†k,σ creates an electron with spin σ at the k
th
dot, m,n, p, q ∈ {1, 2, 3, 4}, j labels different energy lev-
els for the four-electron states, and |vac〉 describes a vac-
uum state. The four-electron Hamiltonian of the prob-
lem can then be expressed in a Hubbard-like form as
is shown in the Appendix as Eq. (A1). There are 36
possibilities for the four electrons to occupy the lowest
levels of four dots (two spin up electrons see four pos-
sibilities and so are the two spin down ones), therefore
the Hamiltonian under the bases Eq. (7) is a 36 × 36
matrix. In the Hubbard form of the Hamiltonian (A1),
the kinetic energy (He) and Coulomb repulsion (HU )
terms constitute the diagonal terms of the matrix and the
hopping (Ht), spin super-exchange (HJe), pair-hopping
(HJp) and occupation-modulated hopping (HJt) terms
primarily contribute to the off-diagonal ones. In prac-
tice, the matrix elements of the Hamiltonian are eval-
uated by computing the overlaps of the corresponding
wave functions, that is effectively replacing the creation
operators in Eq. (7) by the orthogonalized single-particle
wave functions ψ1 though ψ4 defined in Eqs. (6). In other
words, the parameters of the Hamiltonian (A1) are cal-
culated microscopically using the Hund-Mulliken wave
functions (6). One can then use either the matrix form
or the second quantized form of the Hamiltonian to fur-
ther study its physical properties, including the energy
spectrum and the (effective) exchange interaction as we
will discuss in the remainder of this paper.
In a previous work,44 this problem was treated in the
case where the two pairs of double-quantum-dot systems
are sufficiently far away from each other such that the
Hund-Mulliken wave function for each S-T qubit does not
involve components from the other one. In other words,
in Ref. 44 only the Coulomb repulsion is considered be-
tween the second and third electrons, and hopping and
exchange involving them are ignored. This has led to
a dramatic simplification of the problem as the Hilbert
space can be block-diagonalized and the two S-T qubits
are treated separately. In contrast, our work explicitly
retains all interactions involving the second and third
electrons and our Hund-Mulliken wave functions include
contributions from all four electrons.
III. RESULTS
A. Energy spectrum
In this section, we study the energy spectrum of the
four-quantum-dot system described in the previous sec-
tion. To begin with, we qualitatively describe the situ-
ation where the two S-T qubits are sufficiently far away
such that the exchange interaction between them can be
ignored, as that provides the first insight to the problem
at hand. In this case, the Hamiltonian can be factorized
into two parts describing the left (“L”) and right (“R”)
S-T qubits respectively: H = HL ⊗HR, while the states
relevant to quantum computation can be written as |SS〉,
|ST 〉, |TS〉, and |TT 〉, where the first entry in the ket in-
dicates the state in the left S-T qubit and the second the
right one. To facilitate the discussion we introduce the
following notations describing a state of an S-T qubit:
(we have taken the left S-T qubit involving dots 1 and 2
as the example, but one can easily replace them by dots
3 and 4 as well.)
|S(11)〉 = 1√
2
(
c†1↑c
†
2↓ − c†1↓c†2↑
)
|vac〉, (8a)
|S(20)〉 = c†1↑c†1↓|vac〉, (8b)
|S(02)〉 = c†2↑c†2↓|vac〉, (8c)
|T (11)〉 = 1√
2
(
c†1↑c
†
2↓ + c
†
1↓c
†
2↑
)
|vac〉. (8d)
For later use we also define a four electron state as
|S(↑↑↓↓)〉 = 1√
2
(
c†1↑c
†
2↑c
†
3↓c
†
4↓ − c†1↓c†2↓c†3↑c†4↑
)
|vac〉.
(9)
Fig. 2(a) shows the energy spectrum of three levels rel-
evant to the manipulation of the S-T qubits out of the
full spectrum, with R = 2.6a. Fig. 2(b) shows the com-
ponents of the |SS〉 state and Fig. 2(c) those of the |TS〉
state as indicated in Fig. 2(a). In this case, the two pairs
of double quantum dots are sufficiently far away that the
result closely resembles the case in which they behave in-
dependently. We have also verified that for all R > 2.6a
the results are very similar to the case with two indepen-
dent S-T qubits, but those results are not shown. We
see that if both S-T qubits have zero detuning, i.e. all
dots are leveled, the lowest energy state is the |SS〉 state,
but it is very close to the other states, |ST 〉 and |TS〉 as
shown in the figure. (The |TT 〉 state is not important for
the manipulation of the left qubit thus is not shown here.)
The |SS〉 state has mostly the |S(11)S(11)〉 character
while the |TS〉 state almost 100% |T (11)S(11)〉. Detun-
ing of the left qubit (changing εL) leads to a reduction
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Figure 2. Energy spectra and the state composition as func-
tions of the detuning εL. (a)-(c) (left column): R = 58nm.
(d)-(f) (right column): R = 49nm. Common parameters:
~ω0 = 5meV, a = 22nm. (a) and (b) show the three en-
ergy levels relevant to the manipulation of the left S-T qubit.
The blue(horizontal) lines show the energy for the |TS〉 state,
while the black and red(gray) lines show the energy for the
|SS〉 and |ST 〉 states respectively. The latter two are very
close and can only be distinguished on a finer scale (shown
in the insets). (c) and (d) show the composition of the |SS〉
state, while (e) and (f) show the composition of the |TS〉
state, with the y-axis label P as the probability of each state
indicated on the figure.
in energy of the |SS〉 state and a increase of the portion
of |S(20)S(11)〉 (εL < 0) or |S(02)S(11)〉 (εL > 0) in
its composition, while the |TS〉 state remain unchanged.
The energy difference between the |SS〉 and |TS〉 states
therefore gives the exchange interaction required to steer
the left qubit, performing a rotation of the Bloch vector
around the z axis of the Bloch sphere. These are known
results from previous literature.31,32,34,44
The inset of Fig. 2(a) presents a zoomed-in view of the
three levels near the zero detuning. It is interesting to
note that the two levels |ST 〉 and |TS〉 cross at εL ≈ 0
and εL ≈ 2.4 meV. The two crossings are actually very
sharp avoided crossings, which are direct consequences of
the interactions between the second and third electrons
belonging to the left and right S-T qubit respectively.
In particular, the spin super-exchange term results in a
nonzero off-diagonal elements between the |ST 〉 and |TS〉
states, and such avoided crossing is just a manifestation
that the two S-T qubits are not infinitely far away. Such
avoided crossings are very sharp and only affect a small
range of |TS〉 as a function of εL. These are noted as
yellow lines in Fig. 2(c).
As the two S-T qubits become closer, the mixture
of |ST 〉 and |TS〉 states at certain detuning values be-
comes more pronounced. Fig. 2(d)-(f) show a situation
with R/a ≈ 2.2. The first difference we notice between
Fig. 2(a) and (d) is that the curves are moved in entirety
to the right in (d) compared to (a). This is because as
the two S-T qubits become closer, the Coulomb repul-
sion imposed by the right qubit to the left qubit becomes
stronger, which increases the tendency to have double
occupancy in the leftmost dot (the first dot). In other
words, some of the Coulomb repulsion takes up the role
of the detuning and now a weaker detuning is needed to
achieve the same level of exchange interaction compared
to the case in which the two S-T qubits are far away.
However, the most important feature we notice from the
inset of Fig. 2(d) is that the avoided crossings between
the |ST 〉 and |TS〉 states are now much more visible and
are smoother, and the percentage of the expected qubit
states in the actual admixture of |SS〉 or |TS〉 states are
reduced. Fig. 2(e) shows the composition of the |SS〉
state as a function of the detuning and the percentage
of |S(1, 1)S(1, 1)〉 state for the small detuning regime are
not decreased much. On the contrary, the composition
of the |TS〉 state has been appreciably changed. From
Fig. 2(f) we notice that a new state, the |S(↑↑↓↓)〉 state
now enters the admixture as a result of the spin super-
exchange between the second and third spins, and most
importantly in the neighborhood of the avoided crossing
|T (11)S(11)〉 and |S(11)T (11)〉 states are substantially
mixed. Since |T (11)S(11)〉 no longer dominates the state,
one is unable to define an exchange interaction in the
usual way of taking the energy difference between the
state and the |SS〉, leading to difficulties in understand-
ing the manipulation of multi-quantum-dot systems. In
Fig. 2(f) we have masked the range where the portion
of |T (11)S(11)〉 drops below 80% with two yellow (gray)
rectangles, and one must exercise caution in defining the
exchange interaction as the energy level splitting between
the two states concerned.
Overall the results of the energy spectra of the four
dot systems show interesting features: When the two
pairs are sufficiently far away, the results closely resem-
ble that of two individual S-T qubits. On the other hand
as they get closer the spin super-exchange between the
second and third electrons introduces the |S(↑↑↓↓)〉 state
into the composition of the |TS〉 state, and mixes the
|T (11)S(11)〉 and |S(11)T (11)〉 states near two points of
the avoided crossing of energy spectra. These results mo-
tivate us to study how an effective exchange interaction
may be defined in the next section.
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Figure 3. Comparison of the exchange interaction calculated
from the energy difference between the |SS〉 and |TS〉 states,
JST12 (the black solid lines), and the effective exchange inter-
action Jeff12 derived from Eq. (11) (the red(gray) dashed lines).
(a) J12 as functions of detuning εL. ~ω0 = 5meV, a = 22nm,
and R = 150nm. (b) J12 as functions of the confinement
energy ~ω0. a = 22nm, R = 150nm, and εL = −2meV.
(c) J12 as functions of a. ~ω0 = 5meV, R = 60nm, and
εL = −2meV. (d) J12 as functions of R. ~ω0 = 5meV,
a = 22nm, and εL = −2meV. The blue(gray) long dashed
line between R = 40nm and R = 58nm (shown as a vertical
black dashed line) indicates a range where JST12 is ill defined.
B. Exchange interaction
In this section we present results of the effective ex-
change interaction of the S-T qubit with another S-T
qubit nearby, and compare the results to those calcu-
lated by taking the energy difference between the two
computational states, where applicable. The lateral four-
quantum-dot system can be alternatively described by a
Heisenberg spin chain model,49
Heff = Jeff12 S1 · S2 + Jeff23 S2 · S3 + Jeff34 S3 · S4. (10)
where Si is the spin operator for the electron occupy-
ing the ith dot, and Jeffij the effective exchange interac-
tion between electrons in the ith and jth dot. The spin
Hamiltonian (10) is related to the Hubbard-like Hamilto-
nian (A1) by a Schrieffer-Wolff transformation.50–52 De-
tailed derivations are given in the Appendix, where we
also show that the transformation gives the effective ex-
change interactions as functions of the Hubbard param-
eters as
Jeff12 =
2(t12 − J t112)2
U1 − U12 − U23 + 1 − 2
+
2(t12 − J t212)2
U2 − U12 + U23 − 1 + 2 − 2J
e
12,
(11)
Jeff23 =
2(t23 − J t223)2
U2 + U12 − U23 − U34 + 2 − 3
+
2(t23 − J t323)2
U3 + U34 − U12 − U23 − 2 + 3 − 2J
e
23,
(12)
and
Jeff34 =
2(t34 − J t334)2
U3 + U23 − U34 + 3 − 4
+
2(t34 − J t434)2
U4 − U23 − U34 − 3 + 4 − 2J
e
34.
(13)
Since the Hubbard parameters can always be calcu-
lated from the overlap integrals of the wave functions,
we can calculate the effective exchange interactions for
the cases even if the two S-T qubits are close to each
other and the desired computational states are substan-
tially admixed with others. To benchmark whether this
is a judicious definition of the exchange interaction, we
compare the effective exchange interaction Jeff12 to that
calculated from the energy level differences, JST12 . The
results are shown in Fig. 3. Figure 3(a) shows Jeff12 and
JST12 as functions of the detuning εL with fixed confine-
ment energy and the location of the dots. The results
for Jeff12 and J
ST
12 agree reasonably well for small detuning
(|εL| . 2meV), and they both show the correct trend:
the exchange interaction is minimal when εL = 0, and it
increases when the left S-T qubit is detuned in both direc-
tions, either εL < 0 or εL > 0. For larger absolute value
of εL, J
eff
12 tends to overestimate the exchange interaction,
which is about 20% larger than JST12 at |εL| = 5meV.
Nevertheless, taking into account of the fact that the
manipulation of an S-T qubit is done at small detuning
values, i.e. the singlet state should not be dominated by
|S(2, 0)〉 or |S(0, 2)〉 states, we conclude that both meth-
ods of calculating the exchange interaction agree within
this range.
Figure 3(b) shows Jeff12 and J
ST
12 as functions of the con-
finement energy ~ω0 with the detuning εL = −2meV and
the location of the dots fixed. Both lines show clear trend
that for larger ~ω0 (corresponding to narrower dots and
higher potential barriers in between) the exchange inter-
actions are smaller, while for smaller ~ω0 (corresponding
to wider dots and lower potential barriers) the exchange
interactions are larger. Jeff12 and J
ST
12 basically agree for
dots that are sufficiently narrow, i.e. ~ω0 ≥ 5meV, but
for wider dots Jeff12 becomes systematically larger than
JST12 . We note that when the dots are wide and the po-
tential barriers in between are low, the wave functions be-
tween the two dots are substantially mixed and the Hund-
Mulliken approximation becomes less reliable. Neverthe-
less, both curves show the same trend and the deviation
between the two are not large, provided the fact that in
realistic experiment the potential barriers between the
dots are typically well defined.
Figure 3(c) shows Jeff12 and J
ST
12 as functions of the half
distance a between the two dots within each S-T qubit,
with the confinement energy ~ω0 = 5meV and the dis-
tance between the two pairs of DQD 2R = 120 nm fixed.
6For small a, the two dots within each S-T qubit are close
to each other and the exchange interaction, which is es-
sentially the overlap of the electron wave functions in the
two dots, are large. As a is increased, the exchange in-
teraction rapidly decreases. This trend has been clearly
shown in Fig. 3(c). We again encounter a similar situa-
tion with the other panels that Jeff12 tends to overestimate
compared to JST12 . However, an important message from
this figure is that Jeff12 can be defined in a wider domain
than JST12 . In particular, when a ≥ 27nm, the second and
the third dots, which belongs to two S-T qubits respec-
tively, becomes close enough to each other that the com-
putational states no longer dominate the four electron
wave functions, and the exchange interaction therefore
cannot be extracted as the energy difference between the
two relevant states. This fact is signified in Fig. 3(c) by
a dashed vertical line at a = 27nm, beyond which JST12
is shown as the long dashed line. Nevertheless, we may
still define the effective exchange interaction according
to Eq. (11), and it turns out that it agrees well with the
results of JST12 that would be obtained if one simply takes
the energy difference. This fact means that the JST12 ob-
tained from taking the energy difference between the two
states relevant to quantum computation, even when they
are admixtures of a set of states without being dominated
by the desired computational states, can be regarded as
the effective exchange interaction.
Figure 3(d) compares the variation of Jeff12 and J
ST
12
as the distance between the S-T qubits 2R is changed,
with the confinement energy ~ω0 = 5meV, the detun-
ing εL = −2meV and a = 22nm fixed. For R suffi-
ciently large, the two S-T qubits behave essentially inde-
pendently, and both curves of the exchange interaction
show little changes for R & 100nm as expected. As R is
reduced, the two S-T qubits become closer and that leads
to an increase in the exchange interaction. The reason
is as explained in Fig. 2: the right S-T qubit imposes an
additional Coulomb repulsion to the left S-T qubit, and
that has increased the portion of |S(2, 0)〉 in the singlet
state, which has effectively enhanced the exchange inter-
action. Both curves show this trend as expected. For
R < 58nm, the two S-T qubits are so close to each other
that again the computational states no longer dominate
the actual four electron state. A vertical dashed line is
drawn at this point and JST12 is marked as dashed line to
the left of it. Nevertheless, Jeff12 , albeit still overestimate
a little, shows that one may still define effective exchange
interactions in this situation.
C. Entangling operations and the gate crosstalk
Based on the above results, we now move on to study
the operations of two S-T qubits. There are two ways
to perform entangling operations between a pair of S-
T qubits. The first method makes use of the exchange
interaction between the neighboring spins belonging to
different qubits (i.e. Jeff23 in this paper), and the second
method uses the capacitive coupling created when the
qubits are detuned such that some of the quantum dots
become doubly occupied. The latter mechanism can be
summarized by the following Hamiltonian:42,44
Hint =− β1(εL, εR)σz ⊗ I − β2(εL, εR)I ⊗ σz
+ α0(εL, εR)σz ⊗ σz, (14)
where β1,2 and α0 can be found by Coulomb integrals as
prescribed in Refs. 42 and 44.
It is known that the exchange coupling Jeff23 between
the two qubits, relying on the overlap between wave
functions, decays exponentially as the qubits become far
apart. Therefore, in this case the capacitive coupling
shall dominate. On the other hand, as the two qubits
are drawn closer to each other, while both the exchange
and capacitive coupling increase, the exchange coupling
is expected to increase more rapidly and will eventually
be stronger than the capacitive coupling when the two
qubits are close enough.
The results presented in the previous sections of this
paper allow us to quantitatively compare the exchange
and capacitive coupling for two S-T qubits at certain dis-
tance. We focus on the parameter of the entangling term
α0. The comparison of calculated J
eff
23 and α0 values as
functions of the detuning of the left qubit εL is shown
in Fig. 4. εR is maintained to be zero. From Fig. 4(a),
we see that the exchange interaction Jeff23 is essentially
zero for R/a ≈ 2.73 because the two S-T qubits are too
far away, as expected. On the other hand, the capacitive
coupling α0 clearly increases with the detuning of the left
qubit. As the two S-T qubits move closer, both the ex-
change and capacitive interaction increase in magnitude,
but the increase of the exchange interaction is more pro-
nounced. For R/a ≈ 2.27 [Fig. 4(b)] the two are already
roughly comparable, and as they come even closer [cf.
Fig. 4(c) for results at R/a ≈ 2.17] the exchange in-
teraction increase so rapidly that it greatly exceeds the
capacitive interaction.
The results presented in Fig. 4(b) suggest that while
the evolution of a pair of coupled S-T qubit system can
be regarded as dominated by the capacitive interaction
when the two qubits are far apart, or by the exchange
interaction when they are close-by, it is actually more
subtle that for two qubits at intermediate distances the
two coupling schemes are comparable in strength, com-
plicating the analyses of the evolution of the two-qubit
system. We have taken the ratio between Jeff23 and α0
(denoted as χ) at two different detuning values εL = 0
and 2 meV and the results are shown in Fig. 5. Both
lines in Fig. 5 cross χ = 1 at approximately the same
place, R/a ≈ 2.58, and this distance is relevant to ex-
periments. The results shown in Fig. 5 suggests that in
order to determine whether a pair of exchange-coupled
S-T qubits be coupled predominately by the exchange or
capacitive interaction, attention must be paid to the dis-
tance between them so that it can be fabricated either
considerably less than or greater than the “intermedi-
ate” distance R/a ≈ 2.58, so that either the exchange
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Figure 4. Comparison of calculated Jeff23 (black lines) and α0
(red(gray) dashed lines) as functions of the detuning of the
left qubit εL, while εR is maintained to be zero. (a) R = 60
nm. (b) R = 50 nm. (c) R = 47 nm. Common parameters:
~ω0 = 5meV, a = 22nm.
or capacitive coupling, but not both, shall dominate the
evolution.
Another interesting aspect arising in the operation of
coupled four-quantum-dot system is the gate crosstalk,
a situation that when an individual qubit is being ad-
dressed, its adjacent qubits are affected even if they have
been left alone. The capacitive coupling between the two
S-T qubits essentially forms a kind of such gate crosstalk
because as one of the qubits are detuned, the singlet-
triplet energy splitting of the other is changed. This ef-
fect is encapsulated in the parameters β1,2 of Eq. (14).
The gate crosstalk may also manifest itself in two other
channels. In the first channel, the changes in gate volt-
ages are distributed into different dots. Of course, if one
εL= 0εL= 2 meV
2.4 2.6 2.8 3
100
101
102
10-1
10-2
R/a
χ
Figure 5. Ratio between the exchange and capacitive interac-
tions, χ = Jeff23 /α0, as functions of R/a for two different detun-
ing values as indicated.Parameters: ~ω0 = 5meV, a = 22nm.
is addressing one particular dot with certain gate volt-
age, that voltage will have a major effect on the chemical
potential of the electrons therein. Nevertheless, the en-
ergy of electrons in adjacent dots may also be shifted and
the linear combination of these energy changes together
accounts for the gate voltage applied. Since this is en-
tirely electrostatic, we term this channel as the “classical”
one. The phenomenon has been studied since the early
development of quantum dot spin qubits and is well ex-
plained by the capacitance circuit model,53 which essen-
tially keeps all the kinetic energy, Zeeman and Coulomb
repulsion terms in the Hamiltonian (A1), namely terms
in Eqs. (A2a) and (A2c) are retained.54 This effect can
be straightforwardly compensated, for example, by using
appropriate linear combinations of relevant gate voltages
and we therefore will not cover this further in this work.
We will therefore focus on the “quantum” channel of
the gate crosstalk, which stems completely from the over-
lap between the wave functions of the adjacent electrons
belonging to different S-T qubits. This effect is expect-
edly much weaker than the classical channel but is more
difficult to compensate. Therefore one of the main pur-
poses of this paper is to give a quantitative evaluation
of the deteriorating effect of the quantum aspect of the
gate crosstalk, which we refer to as simply the “gate-
crosstalk”. We note that in previous works treating the
four dot system as two separate pairs, the gate crosstalk
is absent because there will be no change on the quan-
tum state of a given S-T qubit when the other one is
being manipulated. In our work, we take into account
of all four electron states and we can capture the gate
crosstalk accordingly. The gate crosstalk manifests itself
as the change in the exchange interaction of an idle S-T
qubit while another is being addressed. We expect that
this effect will be minimal when the two S-T qubits are far
away from each other, but will become more pronounced
when they are close. As mentioned in Sec. III B, the usual
way of defining the exchange interaction as the energy
difference between the qubit levels becomes problematic
when R/a . 2. Nevertheless, the effective exchange in-
teraction Jeff defined in Eqs. (11) and (13) has always
8been well-defined, and while Jeff tends to overestimate,
they agree well in the parameter range where quantum
computation is to be performed. We will therefore use
Jeff to study the gate crosstalk.
Figure 6 is a pseudo-color plot showing Jeff12
(
Jeff34
)
, the
effective exchange interaction of the left(right) qubit, as
functions of both detuning values εL and εR. Figure 6(a)
and (b) show the case in which R/a is large. We see from
Fig. 6(a) that Jeff12 is only dependent on εL but not on
εR, and from Fig. 6(b) that J
eff
34 only depends on εR but
not on εL. These results are expected because in this
case the two S-T qubits behave independently. On the
other hand, the case shown in Fig. 6(c) and (d), in which
R/a = 2, reveals very different results. In Fig. 6(c),
Jeff12 not only depends on εL, but also depends weakly on
εR, leading to a “bending” of the stripe showing the in-
crease of the exchange interaction. In particular, as εR is
changed from positively to negatively detuned, εL must
be detuned further toward the left (negative side), in or-
der to maintain the same level of Jeff12 . Similarly, as has
been shown in Fig. 6(d), while Jeff34 depends mainly on
εR, it also weakly depends on εL: as εL is detuned from
negative to the positive direction, one must increase εR
a little to maintain the same strength of Jeff34 . Figure 6(e)
and (f) show the case in which the two S-T qubits are
even closer that R/a < 2. In this case, the effect of
gate crosstalk that we have already observed becomes
more pronounced. Taking Fig. 6(e) as an example, as εR
is detuned from the positive to negative side, one must
detune εL toward the left in order to maintain the ex-
change interaction for the left S-T qubit. We note here
that the capacitive coupling between the two qubits does
not make significant contribution to the results shown in
Fig. 6 because while the detuning of one qubit is changed
from negative to positive values, one accordingly expects
a monotonic change of the exchange interaction of the
other qubit, and that is not what we have seen in the
results.
This gate crosstalk effect, albeit not strong, is clearly
the consequence of the overlap between the electron wave
functions in different S-T qubits. Our calculations also
show that forR/a 2, this effect can be safely neglected,
but as R/a is reduced close to or less than two, the ef-
fect quickly becomes pronounced, as has been shown in
Fig. 6(c) and (d). Note that R/a < 2 means that the sec-
ond dot is even closer to the third dot than the first one,
a situation that does not usually happen in experiments.
Our results therefore indicates that as long as the S-T
qubits are fabricated at a distance which is much greater
than the distance between the two dots within one qubit,
the “quantum” channel of the gate crosstalk is very small
and can be safely ignored. However, when the spacing be-
tween the adjacent S-T qubits are comparable or smaller
than the distance between the two dots within each S-T
qubits, one must exercise caution on the gate crosstalk
which has appreciable effects on the exchange interac-
tions of the idle qubit.
Figure 6. Pseudo-color plot of the effective exchange interac-
tion Jeff12 [(a), (c) and (e)] and J
eff
34 [(b), (d) and (f)] derived
from Eqs. (11) and (13) as functions of detunings εL and εR.
(a), (b): R = 150nm. (c), (d) R = 44nm. (e), (f) R = 35nm.
Common parameters: ~ω0 = 5meV, a = 22nm.
IV. CONCLUSIONS
In this paper, we have theoretically studied a lateral
four-electron four-quantum-dot system constituting two
S-T qubits, using molecular-orbital-theoretic methods.
We have applied the Hund-Mulliken approximation to
keep only the lowest levels in the four dots, but we have
explicitly taken into account the admixture of electron
wave functions in all dots. We have found that this mix-
ing of wave functions causes interesting consequences on
the energy spectrum, exchange interaction and the gate
crosstalk of the system. To be specific, we have found
that certain states in the energy spectrum are no longer
dominated by the computational basis states as expected,
when the two S-T qubits are sufficiently close. In this
case, the exchange interaction can no longer be straight-
forwardly found by taking the energy differences between
the two relevant levels. On the other hand, we have found
that the effective exchange interaction, which is a combi-
national result of various Hubbard parameters that can
be calculated microscopically, agrees well with the ex-
change interaction calculated by taking energy differences
where applicable. This suggests that the exchange inter-
action in the four-quantum-dot system should be under-
stood in an effective sense. We have also quantitatively
compared the two commonly conceived schemes coupling
the two qubits: the capacitive and the exchange coupling.
9We found that while one of them shall dominate the two-
qubit coupling when the two qubits are either far apart
(capacitive coupling) or close-by (exchange coupling), at
intermediate distances, found to be R/a ≈ 2.6 for pa-
rameters used in this work, the two kinds of coupling
are comparable in strength, complicating the analyses
of the evolution of the system. We note here that the
value R/a ≈ 2.6 given here should be considered as an
estimate of the critical value given the various levels of
approximations used. Therefore when fabricating a sam-
ple one should make the inter-qubit distance be consid-
erably smaller or larger than this intermediate regime so
that the desired coupling shall dominate. Last but not
least, we have studied the gate crosstalk in the system
arising from the overlap between electron wave functions
belonging to different qubits. We have found that while
this effect is typically very weak, it can become more pro-
nounced when the spacing between the qubits are similar
to or even less than the distance between the double dots
that constitute the qubit. Our work provides theoretical
insights on the manipulation of two S-T qubits on four-
quantum-dot devices, which consequently contributes to
the effort toward scalable, fault-tolerant quantum com-
putation using spin qubits.
This work was supported by the Research Grants
Council of the Hong Kong Special Administrative Re-
gion, China (No. CityU 21300116) and the National Nat-
ural Science Foundation of China (No. 11604277).
Appendix A: Effective Exchange Interaction
In this Appendix, we give a detailed derivation of the
effective spin Hamiltonian (10) from its second-quantized
Hubbard-like form.54 This has previously been done for
a four-quantum-dot system,52 but our results have sub-
tle differences especially in regard to the occupation-
modulated hopping (A2f), which we shall explain below.
The Hamiltonian of a general n-electron n-dot chain
can be written in the second-quantized form as
H = He +Ht +HU +HJe +HJp +HJt , (A1)
where
He =
n∑
k=1
∑
σ
kc
†
kσckσ, (A2a)
Ht =
n−1∑
k=1
∑
σ
tk,k+1c
†
kσck+1,σ + H.c., (A2b)
HU =
3∑
k=1
Uk,k+1 (nk↑ + nk↓) (nk+1,↑ + nk+1,↓)
+
n∑
k=1
Uknk↑nk↓, (A2c)
HJe =−
n−1∑
k=1
∑
σ1,σ2
Jek,k+1c
†
kσ1
c†k+1,σ2ck+1,σ1ckσ2 , (A2d)
HJp =−
n−1∑
k=1
Jpk,k+1c
†
k+1,↑c
†
k+1,↓ck↑ck↓ + H.c., (A2e)
HJt =−
n−1∑
k=1
k+1∑
i=k
∑
σ
J t,ik,k+1niσc
†
kσ¯ck+1,σ¯ + H.c.. (A2f)
When the Coulomb repulsion is sufficiently large, dou-
ble occupancy is precluded, and the Hamiltonian can
have an effective form as52
Heff = PHP −
∑
Q
PHQ(QHQ− E)−1QHP, (A3)
where P =
∏
l(1−nl↑nl↓) projects the Hilbert space into
that of the case in which all dots are singly occupied,
Q = 1 − P is the projection operator for higher energy
state, and E is the ground state energy of Hamiltonian.
Using an intermediate result,
P
∑
σ1,σ2
c†l1σ1cl2σ1c
†
l2σ2
cl1σ2P =
1
2
− 2Sl1 · Sl2 , (A4)
elements of Eq. (A3) can be evaluated as
PHP = Const.−
n∑
k=1
2Jek,k+1Sk · Sk+1, (A5a)
PHQ = P (Ht +HJt)Q ≡ PHKQ, (A5b)
where
HK =
3∑
k=1
∑
σ¯
[
(tk,k+1 − J t,k+1k,k+1nk+1,σ)c†kσ¯ck+1,σ¯
+(tk,k+1 − J t,kk,k+1nk,σ)c†k+1,σ¯ckσ¯ + H.c.
]
.
(A6)
Here, the J t,k+1k,k+1 term (and its Hermitian conjugate)
refers to the process in which an electron hops from the
(k + 1)th site to the kth site and then back, while the
J t,kk,k+1 term indicates the reverse. In Ref. 52, the two
processes have not been distinguished. In our work, we
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have to distinguish the two because as we will see imme-
diately below, the energy change will be very different.
The numerator and the denominator of Eq. (A3) are eval-
uated for the two cases as follows:
(1) For the case with an electron hopping from the
(k + 1)th site to the kth and then back, we have
(PHKQ ·QHKP )k+1→k→k+1
=
n−1∑
k=1
(tk,k+1 − J t,k+1k,k+1)2
(
1
2
− 2Sk · Sk+1
)
,
(A7)
and
(QHQ− E)k+1→k→k+1 =Uk + Uk−1,k − Uk,k+1
− Uk+1,k+2 + k − k+1.
(A8)
(2) For the opposite case in which an electron transits
from the kth site to the (k+1)th and then back, we have
(PHKQ ·QHKP )k→k+1→k
=
n−1∑
k=1
(tk,k+1 − J t,kk,k+1)2
(
1
2
− 2Sk · Sk+1
)
,
(A9)
and
(QHQ− E)k→k+1→k =Uk+1 + Uk+1,k+2 − Uk−1,k
− Uk,k+1 + k+1 − k.
(A10)
Summarizing the results, we have transformed the
Hamiltonian (A1) into the Heisenberg spin model, de-
fined as
Heff =
n∑
k=1
Jk,k+1Sk · Sk+1, (A11)
with the exchange interaction being
Jk,k+1 =
2(tk,k+1 − J t,kk,k+1)2
Uk + Uk−1,k − Uk,k+1 − Uk+1,k+2 + k − k+1
+
2(tk,k+1 − J t,k+1k,k+1)2
Uk+1 + Uk+1,k+2 − Uk−1,k − Uk,k+1 + k+1 − k
− 2Jek,k+1.
(A12)
As a last remark, we note that whenever one encoun-
ters an out-of-range index in the parameters of Eq. (A12),
that parameter should be treated as zero, e.g. Un,n+1 =
U01 = 0.
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